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IDENTIFICATION PROBLEMS
FOR A STEADY-STATE MODEL OF MASS TRANSFER

G. V. Alekseev, O. V. Soboleva, and D. A. Tereshko UDC 517.9

Coefficient identification problems for a steady-state mass-transfer model in the Oberbeck—Boussinesq
approzimation are considered. Optimality systems describing necessary conditions for the existence
of an extremum are obtained, and, by analysis of their properties, conditions ensuring the uniqueness
and stability of the solution are established.
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Introduction. In recent years, the need to determine effective mechanisms for controlling thermodynamic
processes in viscous liquids has led to considerable attention being focused on optimal control problems for heat-
and mass-transfer models. Theoretical investigation of the indicated problems has been the subject of a considerable
number of papers (see, for example, [1-4]).

Along with optimal control problems, of great significance are identification problems for heat- and mass-
transfer models, i.e., the determination (using additional information on the state of the medium) of the unknown
densities of the boundary or distributed sources or the coefficients included in the differential equations or boundary
conditions of the examined model. It should be noted that the solution of identification problems reduces to studying
corresponding extremum problems with an adequate choice of the minimized quality functional. This allows control
problems and identification problems to be investigated in terms of the theory of extremum problems of conditional
optimization in Hilbert spaces.

Extremum problems of finding the source density have been studied in a number of papers (see, for example,
[5-7]); less attention has been given to coefficient identification problems. We only note a paper [8], which, along
with identification problems for source density, considers the problem of identification of the boundary condition
coefficient for a thermal convection model.

1. Formulation of the Basic Boundary-Value Problem. The purpose of the present work is to study
identification problems for the following mass transfer model:

—vAu + (u - grad)u + gradp = f + fcCG, divu =0 in , u‘r =g; (1.1)
AC 4 u-gradC+kC=finQ, C = /\(aC—I—aO)‘ — . (1.2)
’ I'p ’ on Iy

Here Q is a bounded region in R? (d = 2,3) with Lipschitz boundary I" consisting of two parts I'p and I'y, u and C
are the velocity and concentration of substance in the liquid, respectively, p = P/p, P is the pressure, p = const is
the density of the medium, v > 0 and A > 0 are the kinematic viscosity and diffusion coefficient, which are constant,
f and f are the volumetric density of the sources of mass forces and substance, G = —(0,0, G) is the acceleration
vector due to gravity, and B¢, g, k, ¥, «, and x are some functions. The quantities included in Eqs. (1.1) and (1.2),
are dimensional, and the equations of the model are written in the SI system.

In [6, 7], the global solvability and local uniqueness of the boundary-value problem (1.1), (1.2) are proved and
inverse extremum problems of finding the unknown densities of the mass and momentum sources are investigated.
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The present paper is concerned with a study of coefficient identification problems for the mass-transfer model
considered, namely, with finding the unknown coefficients « and k, the density y, and solutions (u, p, C) of problem
(1.1), (1.2) from additional information on the desired solution. Difficulties in the investigation of identification
problems is due to the fact that they are characterized by double nonlinearity — the nonlinearity of the model
considered and the nonlinear inclusion (in the form of multipliers at C) of the unknown functions « and k in the
model. Nevertheless, the structure of the differential equations of the mass-transfer model considered allows one
to obtain two conditions on the initial data. The first condition is classical and ensures the uniqueness of the
solution of the boundary-value problem (1.1), (1.2). The second condition is similar to the sufficient condition of
the uniqueness of the solution of the coefficient identification problems for the linear convection—diffusion equation.
Because the uniqueness conditions are rather awkward (because of the nonlinearity of the initial model), it is
necessary to introduce analogs of the Reynolds, Rayleigh, and Prandtl numbers. Then, these conditions can be
written in fairly simple and physically illustrative form.

As in [5], we use the spaces H*(D), s € R and L"(D) or H*(D) and L"(D) for the vector functions, where
D is a domain € (or its subset Q) or a boundary I' (or its part I'y). We denote the scalar products in L?(),
L3(Q), or L*(Tw) by (-, +), (+, *)@, or (-, - )ry, respectively, the norm in L*(Q2), L*(Q), or L*(Tn) by || - |I, | - lo,
or || |[ry, the norm or seminorm in H'(Q) and H(Q) by | - ||y or | - |1, the norm in H/2(T'g) by || - |1 /2,1, and
the duality relation for the pair X and X* by (-, -)x=xx or by (-, -). Let the following conditions be satisfied:

1) Q is a bounded domain in the space R? with boundary I' € C%! consisting of N coupled components T'(*)
i=1,2,...,N;

2) I'p e 0071, measI'p >0, I'y € Co’l, I'pNIy=g,and '=Tp UT'y.

We set HY}(Q) = {v € H'(Q): v|p = 0}, V = {v € HYQ): dive = 0}, HY(Q) = {u € H(Q):

u-nlp, =0, /u ‘ndo = 0,1 <i< N}, H/AT) = {ulr: w € H{(Q)}, Z = HY(Q,Tp) = {S € HY(Q):
e
S|r, =0}, L&(Q) = {p € L*(Q): (p,1) =0}, and L% (D) = {v € L*(D): v >0 on D}.
We introduce bilinear and trilinear forms
ap(u,v) = /Vu -VodQ, b(v,q) = —/qdivde, c(u,v,w) = /(u -grad)v - w dSQ,
Q Q Q

al(C,S)Z/VC-VSdQ, cl(u,C,S):/(u-gradC)SdQ, bl(S,v):/bS-de
Q Q Q

(b = BcG) which are continuous and have the following properties:

clu,v,w) = —c(u,w,v) YuecV, (v,w) € H'(Q) x H}(Q); (1.3)
ca(u,C,S)=—-c1(u,S,C) YueV, (C,8) e H'(Q) x Z; (1.4)
ag(v,v) = dollvllf Vv e Hg(Q),  le(u,v,w)| <ollulifvlifwl:; (1.5)
ar(8,8) = ai||S|T vSeZ,  lea(u,C8) < mllulil|CllilS]1; (1.6)
106G S)rw | < vellxliea 1SN, [01(S,v)| < Billoll1[IS]l1, (C,S)el < nllCllellSh; (1.7)
[(aC, Sy | < vsllalien [[Cl IS, [(RC, B[ < s[[KHICl1]|R]1- (1.8)
Here &9, 61, Y0, 71, -- -, V5, and (1 are constants which depend on €.

2. Formulation of the Identification Problem. Preliminary Results. We note that the boundary-
value problem (1.1), (1.2) contains the parameters v, 8¢, A, k, and « and the functions f, 1,and x, which describe
the densities of the sources of substance (for example, impurity). To solve the boundary-value problem (1.1), (1.2), it
is necessary to specify values of all parameters, boundary functions, and source densities.In practice, however, some
of these parameters or densities are often unknown. In particular, the function k (the coefficient of decomposition of
the substance due to chemical reactions) may be unknown. In this case, the solution (u, p, C) of problem (1.1), (1.2)
should be sought together with the coefficient k using some information on the state of the medium. Information on
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Fig. 1. Geometry of the flow domain.

the functions « and y included in the boundary condition in (1.2) on the segment I'y of the boundary T" may also
be unknown. As an example of this situation, Fig. 1 shows a flow domain €2 which has the boundary I" consisting of
the external component I'g = I'p on which the Dirichlet condition is specified, and the internal component I'y = I'y,
through which the impurity enters the domain Q. The concentration C' on the outer boundary I'p and in some
vicinity of it can be measured, but the inner boundary I'y may be inaccessible to measurements, and, hence, the
quantities a and y corresponding to I'y should be considered unknown. In this case, one needs to determine the
quantities a and x, together with the solution (u, p, C), from the measured concentration field Cy in the domain @
adjacent to the boundary I". A similar difficulty arises in problems of transboundary transfer of impurities.

From the aforesaid, we assume that the functions x, «, and k included in system (1.1), (1.2) are unknown
and are to be determined, together with the solution (w,p,C), from the minimum condition for some quality
functional J. As J we choose the functional Ji(C) = ||C' — Cy||3, where the function Cy € L*(Q) models the
concentration field or the functional Q C Q for Jo(C) = ||C — C4||? measured in some subdomain Cyq € H(Q).

We divide the set of initial data of problem (1.1), (1.2) into two groups: a group of controls, in which we
include the functions x, «, and k, and a group of fixed data, in which we include the unchangeable functions f, b,
g, [, and ¥. We assume that u = (x, o, k), uo = (f, b, g, f,?), and x = (u,p,C) and that the control u can change
on the set K = K7 x Ko x K3. In this case, the following conditions are satisfied:

3) fe H (), gc H/*I), and f € L*(Q);

4) Ky C L*(Ty), Ko € L2 (Ty), and K3 C L3 () are nonempty closed convex sets.

Setting X = H'(Q) x L3(Q)x H(Q) and Y = H~1(Q) x L3(Q) x H'/?(I") x Z* x H'/?(I'p), we introduce the
operator F' = (Fy, Fy, F5, Fy, F5): XxK — Y, where (Fy (z,u),v) = vag(u,v)+c(u, w,v)+b(v, p)—b1 (C,v)—{f,v),
Fy(x,u) = divu, F3(x,u) = ulr—g, (Fi(x,u), S) = Aar (C, S)+A(aC, S)ry +c1(u, C, S)+(kC, S)—(f,S)—(x, S)ry s
and Fs(xz,u) = C|p, — ¢. Multiplying the equations in (1.1) and (1.2) by the test functions and integrating

them, we obtain the problem in a weak formulation, consisting of finding a solution = (u,p,C) € X of
the operator equation F(x,u) = F(u,p,C, x, «, k) = 0, which is equivalent to the relation

vao(u,v) + c(u,u,v) + b(v,p) — b1 (C,v) = (f,v) Vv € Hy(Q),
Aa1(C, ) + A(@C, S)ry + e1(u,C,8) + (kC,8) = (£,5) + (x. )ry VS € Z, (2.1)

diVUZO, u|r=g, C|pD Z’Q/J
We examine the extremum problem

Mo 3 H1 M2 M3 .
J(w.w) =" T@) + ' xR, + 5 lallfy, + ' IR — in,
(2.2)

F(m’u):O7 (x7u)5(u7p707x)a7k)€XXK7
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where y; are nonnegative dimensional parameters. The values of these parameters allow one to adjust the relative
contribution of each term in (2.2), and their dimensions allow one to match the dimensions of the quantities u, p,
and C' of the main state to the dimensions of the quantities of the conjugate state. The parameters 1, p2, and ps
are also introduced to ensure the uniqueness of solutions of problem (2.2) (see Sec. 3). According to the general
theory of extremum problems [9], we introduce into consideration an element y* = (¢,0,¢,n,7) € Y*, which will
be called a conjugate state and a Lagrangian £ : X X K x RT x Y* — R, where RT = {z € R: x > 0} using the
formula

L(x,u, Mo, y™) = NoJ(x,u) + (y*, F(z,u)) = NJ(x,u) + (Fi(x,u),§)

+ (F2(wa u),o) + <<7 F3(m7u)>F + 2E<F4(£IZ, u)777> + 39<T7 F5(£IZ, u)>FD'

Here (¢, -)r = (¢, ) ey /ey (T )to = (7, ) izmp)sxmi/2(rp), @ is a parameter with dimension [z] =
L8/(TEME), Lo, Ty, and My are characteristic quantities that have the dimensions of length, time, and mass,
respectively, in meters, seconds, and kilograms (in the SI system). The indicated choice of [&] ensures that the
dimensions of the quantities &, o, and 1 of the conjugate state coincide with the dimensions of the quantities w,
p, and C of the basic condition, i.e., the validity of the equalities [¢] = [u] = Lo/Tv, [7] = [C] = My/LE, and
[0] = [p] = L%/T¢. This allows &, o, and 7 to be considered conjugate velocity, pressure, and concentration.

The following theorems are valid, which are proved similarly to the corresponding theorems in [6, 7].

Theorem 1. Let conditions 14 be satisfied. Then, for any (x,a,k) € K, there exists at least one solution
(u,p,C) € X of problem (1.1), (1.2) and the following estimates are valid: ||ull1 < My (uo,u), ||pl] < Mp(uo,u),
and ||C|l1 < Mc(uo,u). Here M, M,, and Mc are nondecreasing continuous functions of the norms || f||-1,
b1, 1lgll1/2,0: 1FI 111 /2,00 > [IXlItn s ey, and |[k]|, which tend to zero simultaneously with the norms || |1,
llgllij2.05 1N (1]l j2,00 5 and [|X|iry - If the quantities f, g, f, 1, x, o, and k are small (or the viscosity v is large)
so that the following condition is satisfied:

Bim
50V 51)\
[the constants 0;, Vi, and B1 are introduced in (1.5)—(1.8)], the solution is unique.

Theorem 2. If conditions 14 are satisfied, let 19 > 0 and p; >0 or pg >0 and p; > 0 and K; (1 =1,2,3)
are bounded sets. Then, for J = Jy, (k=1,2) there exists a solution of problem (2.2).

Theorem 3. If conditions 1-4 are satisfied, let the element (&,4) = (u,p, CA’,X,&,I%) € X x K be a local
minimum point in problem (2.2) and let the functional J be continuously differentiable with respect to x at the point
& for any element u € K and be convex with respect to u for each point x € X. Then, there is a nonzero Lagrangian
multiplier (Ao, y*) € RT x Y* such that the Euler—Lagrangian equation

F(#,0)"y" + Aoy (#,8) = 0

o My, (ug,u) +

Sov Me(ug,u) < 1 (2.3)

is valid and the minimum principle is satisfied:
L(&, 1, Mo, y") < L(Z,u, Ao, Y") VueK. (2.4)

Theorem 4. Let, for all u € K, the conditions of theorem 3 and inequality (2.3) be satisfied. Then, Ao # 0
and the Lagrangian multiplier can be chosen to be equal to (1,y*).
We note that the Euler-Lagrangian equation is equivalent to the identities

vag(w, ) + c(t, w, €) + c(w, @, &) + secy (w, C,n) + b(w, o)
+ (¢ w)r + Xo(J, (2, 0),w) =0  Ywe H(Q),
b(&,7) 4+ Ao(J)(&,0),r) =0 VreL§(Q), (2.5)

®[Xa1(0,m) + Nap, Ny + (ke,n) + c1(t, ¢, ) + (1,01,

= bi(p, &) + Xo(Jo(@,0),0) =0 Ve HY(Q),

which, together with the ratio (2.1) and the minimum principle (2.4) form an optimality system describing the
necessary extremum conditions for problem (2.2).
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Theorems 1-4 establish sufficient conditions for the global solvability and local uniqueness of the initial
boundary-value problem (1.1), (1.2), the solvability of the extremum problem (2.2), the validity of the Lagrangian
principle, and the regularity of the Lagrangian multiplier. However, even in the case of satisfaction of condition
(2.3), which ensures the uniqueness of the solution of problem (1.1), (1.2) and the regularity of the Lagrangian
multiplier, these conditions does not imply the uniqueness of the solution of the extremum problem (2.2). To prove
the uniqueness and stability of the solution of the extremum problem (2.2) with respect to perturbations of the
function Cy, it is required to introduce more stringent constraints on the initial data.

3. Local Uniqueness and Stability of the Solution of the Identification Problem. Setting M, =

sup My, (ug,u) and M = sup,ex Mc(ug,u), we introduce the parameters
ue K

YoM L Sy Sov
(501/ ’ 50V (51)\ @ 8 51/\,
which are analogs of the dimensionless Reynolds Re, Rayleigh R and Prandtl Pr numbers, respectively, used in

hydromechanics. We assume that

Re (3.1)

Yooy 1 Bim p 1
=, M . 2
Re+R Sov + Sov GLA c < 9 (3.2)

We note that the parameters introduced in (3.1) are dimensionless if the main norms |[v||, |v|1, and ||v]1
(v is any scalar quantity) are defined by the formulas

ol = [ota, ot = [ 1VeRdn ol = 2ol + o
Q Q

Here | = 1 is a multiplier with the dimension [I] = Lo. Indeed, an analysis similar to the analysis performed in [8]
shows that, in this case, the dimensions of the constants in (3.1) are defined by the relations [6;] = 1, [y;] = Lé/z,
[81] = LE/(T2M,), [M,] = LY/?/Ty, and [Mc] = My/Lg/?. This and the conditions [v] = [\] = L2/T} imply that
the quantities Re, R, and Pr introduced in (3.1) are dimensionless. .

To study the uniqueness and stability of the solution of problem (2.2) for J = Jy, we introduce two close
functions Cg(ll) and C((f) € L*(Q) and denote by (z;,ui,y}) = (wi,pi, Ci, Xis iy kiy &y 04,13, Gy ) the solution of
system (2.1), (2.4), (2.5) that correspond to Cg(li), in which it is necessary to set & = x;, & = u;, and y* = y;,

No=1,  (Jo@@),¢) = mo(Ci—C ), =0,  J,=0, (3.3)
By virtue of Theorem 1 applied to (u;, p;, C;) and relation (3.2), the following estimates are valid:
wills < Mu, — [[Cills < Me,  i=1,2; (3.4)
1 - - N
;V < 501/ — "YOMu — 5517\1 MC S 50V - 'YOMu S 501/; (35)
1

and by virtue of the condition J;, = 0, we have div§; = 0, s0 §; € V. We set Cy = Cc(ll) - C’C(f), X = X1 — X2,
a = X1 — Qo, k:kl—kg, r =T — I (u:ul—ug,p:pl—pg, andC:Cl—Cg),fzﬁl—ég, O = 01 — 09,
(=C—C,n=mn —mn2,and 7 = 71 — 7o. In view of Theorem 4, the minimum principle (see Theorem 3) for the
three parameters (x;, u;, and y}) can be written as L£(x;, u;, 1,y)) < L(x;,u,1,y}) for all u € K. We note that
the Lagrangian £ is a continuously differentiable function of the controls x, «, and k. Since Kj, Ko, and K3 are
convex sets, at the minimum point u; = (x;, i, ki), the following conditions [10, p. 126] are satisfied:

(L (@i ui, 1,97), X — Xa) = pa(Xis X — Xa)rw — (X — Xis i)ry >0 VX € Ki; (3.6)
(L (i, ui, 1,y]), & — ;) = polou, & — ai)ry + Aee((@ — a)Ci,ni)ry >0 Va e Ky; (3.7)
(L (s, ui, 1, y), k — ki) = ps(ki, k — k) + &((k — ki)Ci,mi) >0 VEe Ks. (3.8)

Here, for example, L (x;, u;, 1, yF) is the Gateaux derivative with respect to a at the point (x;,u;, 1, y)).
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Setting k = ky for i = 2 and k = ks for i = 1 in inequality (3.8), we obtain
us(ke, k) + w(kC2,m2) >0, —pg(k1, k) — &(kCy, k1) > 0.
Combining these inequalities, we have
ps|[kl|* < @[(kCz,m2) — (KC1,m)] = —e[(kCa,n) + (KC,m1)].
Similarly, from (3.6), (3.7) we obtain

plxllty < @0cmry,  pellalfy < —Ae[(aCs,n)ry + (@Cymry -
Combining relations (3.9) and (3.10), and taking into account (1.7), (1.8), and (3.4), we have

pallxlty + pellellEy + psllkll?
< —@[Malz, n)ry + AeC, )y + (kC2,n) + (kC,m) — (X, n)ry]
< flnlh (el + 1AV llallny + 363 el41) + €Tl (s Mlolley + s k1))
For brevity, we introduce the notation
[ull = v2llxXlley +AMcllalny + 75 M| k(;
1]l = villmell lully + M n2llilelley +yslnzll k] + poz™ AZIC 1

Taking into account that, by virtue of (3.12), v3A|allry + sllk| < ||lul|/Mc, from (3.11) we have

pallxlity + mellallfy + psllkl® < el + 1CHnlle/Me)ul.

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

Each solution (u;, p;, Ci, u;) satisfies relation (2.1). Subtracting Eqs. (2.1) written for ws, pa, Ca, ug, from

the corresponding equations for uq, p1, C1,u1, we obtain

vao(u,v) + [c(u1, u,v) + c(u, uz, v)] + b(v,p) — b1 (C,v) =0 Yo € Hy(Q),
Aa1(C, S) + A1 C, S)ry + e1(u, C, S) + (k1C, S)
= —c1(u,Cy,S) — MaCs, S)ry — (kC2,5) + (x, S)ry VS €EZ,
divu =0, uF:O, Clr, = 0.

Setting v = w € V in (3.15) and taking into account (1.3) and (1.4), we obtain

Z/CLQ(U, u) = —C(’U,,’LLQ,’U,) - bl(cv ’U,),

a1 (C,C) + MarC,C)ry + (k1C,C) = —c1(u, Ca, C) — MaC2, C)ry — (kC2, C) + (X, C)ry -

Using (1.5), (1.7), and (3.4), we have
e, g, w)| < qolluz|i ullf < yoMullul?,  [b1(Cow)| < Billull]|Clh-
In view of the last inequalities and (1.5), from (3.16), we obtain
dovl|ulf < vao(u,u) < yoMullu|i + S1||C1 [lull-
Relations (3.18) and (3.15) leads to
(Sov/2)|ull} < (Bov — o M) |ull§ < Bil|Cll1 [[ullr-

(3.15)

(3.16)

(3.17)

(3.18)

From this, ||u]l1 < (261/(00v))||C||l1. Using this estimate, relations (1.6)—(1.8), (3.4), and (3.12), and the conditions

a1 >0 and ky > 0, from (3.17), we derive
SHAIC|T < Aa1(C, C) + MarC, C)ry + (k1 C, C)
< (mMcllullr +72lxlIry +33AMcllallny + vs M| kl)IIC]l:

< 2(B1m/ (o)) MO + Jull|C]l1
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In view of (3.1) and (3.12), from (3.19) we obtain 61 A(1 —2R)||C|l1 < ||u||||C]]1- This and relation (3.1) lead to the
following estimates for ||C||; and ||ul|;:

[l
(1-2R)’

260wl _ 2R[u|]

Cl; < < = o
| Hl_51A P Sov A1 - 2R) (1 - 2R)Me

[l (3.20)

For the Lagrangian multipliers &;, oy, (;, 1;, and 7; for & = u;, € = x;, A\g = 1, and J=J,i=12in
identities (2.5) we set w = &;, ¢ = n;, and r = 0;. Then, in view of (1.3), (1.4) and (3.3), we obtain
vao(&i,&i) = —c(&i, i, &) — e (&, Ciymi); (3.21)
Nt (15, m:) + M, mi)ry + (ki 1)) = bi(mi, &) — 1o(Ci = CFY mi)e. (3.22)
Using (1.6)—(1.8) and (3.4), from (3.22) we have

sl mil12 < Bulléilllnll + mo(ICillg + I1CS @) il o
< [Bulléillh + pora(rallCilly + IC N il

< [Bulléill + pova(vadTe + |C ) 1mill1-

This leads to the following estimate for 7);:

B1 NOMC
51/\33 51/\33 ’

In view of (1.5), (1.6), (3.4), and (3.23), we have
|C(£i7 ui7€i)| < ’YOMu”é-lH%a

~ ~ 1 2
nils < &1 + Mo = 32N + vamax (|C5V o, [CP o). (3.23)

eler (&, Coumi)| < meell &l |Cillllmlli < (Biva/(61N) Mcl&llF + (7 Mo/ (6:10)) o Me |11,

ao (&, &) = doll& 7.
Using these inequalities and (3.5), from (3.21) we derive

oV, 1o - By 4 » M MepoMe
illT < — YoM, — M, ill7 < ill1- 24
o el < (dor —ont — S\ e el < ST el (3.24)
Eqgs. (3.24), (3.1), and (3.23) lead to the following estimates for &; and ;:
2 "/1]\}[(;#0]\;[@ 2M0M0R /LQMc(QR-f—l)
ill1 < = ) ill1 < . 3.25
lelh < 4, " N Il < #oMOC (3.25)

Next, we subtract Egs. (2.5) from each other for \g = 1 and J = J; written for (x1,u1,y}) and (x2,us, y3).
In view of (3.3), we have

I/CLo(’UJ,g) + C(U]_, waé-) + C(U, waé-?) + C(’LU,U]_,&-) + C('LU, u7€2) + %Cl(w, Clan)
+ EECl(’UJ,C, 772) + b(’l.U,U) + <C7w>r =0 Vwe ﬂl(Q)v

b(é,r) =0  Vre Li(Q),

e[Aa1(,n) + MaiT,m)ry + Mat,m2)ry + (k1p,n) + (kp, n2) + c1(u1, ¢, n) (3.26)

+ c1(u, 0,m2) + (1, 0)rp ] + b1(9,€) + 110(C — Ca,0)g =0 Vo € H(Q).

Settingw =£ €V, p=n¢€ Z, andr = o € LE(Q) in (3.26) and using relations (1.3) and (1.4) and the
conditions &|r = 0 and 7|r, = 0, we obtain

VCLO(&,&) + c(gaulaé-) = _c(u7§7€2) - 0(57’11,,62) — & (57 C7 772) - 3301(57 Clan); (327>
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Aa1(n,m) + Meoan, )y + (kim,m)

= _Cl(uv 7, 7]2) - )‘(Oﬂlv UQ)FN - (kTL 772) - 33_1lu0(0 - Cda TI)Q - EE_lbl (777 6) (328)
In view of the conditions n € Z, ay > 0, k1 > 0, and (3.13), from (3.28) we derive

SAIE < (limellillwlly +vsAlmlllledieg +slin2ll &l + poee™ A2 1IC

+ oz y4l|Callg + Bre = €l Inlly = (2]l + Brae ™ H|€ll + oz vallCallg) Il

This leads to the estimate

o
Il < 5y +

Reasoning as in the derivation of (3.24) and taking into account (3.29), from (3.27) we obtain

(Bov — Yo Mu)[€l3 < 2vollull1l|&I Nl + vzl Clllnzll1 )1l

Mn+“”ﬂan (3.29)

o aeMc ﬁm foy1vaMe
|2 [1€]]1 + “lleN? + 5iA ICallglI€ll1-

After division by ||€]|1, this relation and relation (3.5) imply that

51’71

50V ~
< —
el < (8ov =08t =1

A@th

MO'71'74MC
5 )\ 0N A

Using estimates (3.25) for ||&]|1, and ||n72]|1, estimates (3.20) for ||C]|; and ||u|/1, and the relation (6;\)~2 =
Pr /(0ovd1 ) implied by (3.1), we have

< 2ollulliliélls +meelClalml+ 5 2l + ICallq- (3.30)

810 Mc R? o + Yo Mc(2R +1)

N u
Biy1(1 —2R)M¢ 01A61A(1 —2R) il

270 llul[1[l2]l1 + 2l Cll1lnzlli < o
R M, 8 R
< T (PP PR D) ful. (3.31)

Bi(1—2R)Me\ ™

Similarly, in view of (3.13) and the condition v3M¢c < M¢, we obtain

< YiMeyipoMe(2R+1)2R

z|| < . U
sir §IM1 M (1 — 2R)Me ]

nMe 11073 viMe pioMc(2R+1)y3A

+ A 5iA(1—2R) lull + S S [Ty
M PrR/2R(2R+1 woPr R(2R +2) M,
i GRS EE Y [T 2Ny (332
By M¢ 1-2R (1 — 2R

Taking into account (3.31) and (3.32), from (3.30) we have

5 R M, 8% R
Ol T (PP Pr@R+1) + Pr(2R+2)) u]
Bi(1—2R)Mc N M
HOMYa oMy Mc uovm
+ Callo = ) M| C,
o MellCallo =, 17 T+ cliCalle.
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Here M; = Mi(R,Pr) = 8(y0/71) R* +Pr R(4R +3) is a dimensionless constant dependent on the Rayleigh and
Prandt]l numbers. From this, it follows that

ZqulMc 2,“074R
€l < o ull+ [ICalle- (3.33)
50Vﬂ1(1 — QR)MC 61
Using (3.33), we write (3.29) as
1 1 2410 My Mc Ho74
< z|| + o Jul| + 2R+1)||Callg- 3.34
Il S g0y el g s st e I+ 2o 2R A1) Culle (3.34)

Relation (3.32) leads to
1oPr R(2R +2) M

n [l (3.35)
ﬂl'}/l(l -2 R)%MC

Relations (3.34) and (3.35) imply the following estimate for ||n||; in terms of |ju|| and [|Cqlo:

NEE
51)\27

1 /uwPr R2R+2)Me B 240 M1 M tova(2R+1)
Il < ( - )l + |Calle
@&\ By (1-2R)MZ 01X §ovpi (1 —2R)Me o1 Aee
My M, 2R+1
_to MBME g PR g (3.36)
x ﬂl’yl(l — QR)MC 1A

Using (3.20), (3.25), and (3.36) to estimate the right side of inequality (3.14.), we obtain

Cllllmlle fioMoMc poMc(2R+1)
(Il + 1<IImly < P Yl
Mc Byl —2R)ME  (5:10)%(1 —2R)M¢
Hova(2R+1) 1o MsMc foya(2R+1)
+ Callg = o ]|+ Callo- 3.37
5\ [Callq B VT2 [ 5\ [Callq (3.37)
Here M3 = M3(R,Pr) is a constant defined by the formula
Mz =M/(1—-2R), M =R(16yR?/y1 + 8Pr R? +10Pr R +3Pr). (3.38)

Using (3.37) and the algebraic inequality (a + b+ ¢)? < 3(a? +b? +¢2?) Va € RY, b € Rt ¢ € RY, from
(3.14) we have
proMsMc

/‘0’74(2R+1)Hcd”62 ||’LL||
By ME

2
Juf + #OTEE

palXgy + pellallZ, + psllkl® <
< 3po Mz Mc
< .
By ME,
The obtained inequality can be written as

M074(2R+1)”Cd”Q HUH

(3 IIxIIBy + 73N MEallfy + A3 MEIIK|?) +
I A

302 M3 Mc 3oy N2 Mz Me
(i = 2 O IR + (a2 = Jllal?,
Bim Mg Bim

311072 M3 M 2R+1)|C.
+ (,UZS _ o753 C) ||l€||2 < MOPM( + )” dHQHuH ) (339)
Bim oA
We assume that the parameters u; included in (2.2) are such that

3v3 MM ) 373N M3 Mc 9o o

K1 = o ~o T 3E73, H2 > o +3ey3 A" Me,

ﬁl"/lM% ? ﬁl'}/l s ©
- 3.40)

372 M3 M, - (
M3 = o 755 C 4 3evEME, € = const > 0.
171
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From this and relation (3.20), we obtain

rova(2R+1)

1 2
el =Pl

ull = [Jur — ual| <
pova(l+2R)

(1 _ ~2)
(51 0)2(1 — 2R) ICs" = Cq” Ml (3.41)

[C1 = C2f1 <
g

2p074P1(1 + 2R)
E(SQI/((Sl/\)2(]. -2 R,)
Relation (3.41) implies the uniqueness and stability of the solution of the identification problem (2.2) with respect
to small perturbations of the specified function Cy in the norm L2(Q). We formulate the result obtained as the
following theorem. '

Theorem 5. Let, in addition to conditions 1-4, the functions C((iz) € L*(Q) (i = 1,2) be specified and
conditions (3.2) and (3.40) be satisfied, where Mo = v3Mc + 4 maux(”CU(ll)HQ7 HC((iQ)HQ), and the constant Ms is
determined in (3.38). We denote by ((ui, pi, Ci),ui) € X x K the solution of problem (2.2) that corresponds to C((ii).
Then, the stability estimates (3.41) are valid.

Thus, in the present paper, the identification problem (2.2) was formulated and studied for a steady-state
mass-transfer model. Two conditions on the initial data were obtained by analysis of the optimality system for
problem (2.2) for J = .J;. These conditions ensure the uniqueness and stability of the solution of problem (2.2);
the first condition has the form of the standard condition (3.2), which ensures the uniqueness of the solution of the
initial boundary-value problem, and the second condition has the form of estimates (3.40) of the parameters ug, p1,
2, and p3 included in the extremum problem (2.2). Similar conditions can be obtained for J=J.

On the one hand, conditions (3.40) are similar to the uniqueness and stability conditions for the solution of
the coefficient identification problems for the linear equation of transfer—convection—reaction (see, for example, [11]).
On the other hand, these conditions contain compressed information on the initial nonlinear mass-transfer model
in the form of the dimensionless constant M defined in (3.38). An analysis of the examined expression for M shows
that, if in a study of problem (2.2), the dimensionless parameters Re, R, and Pr in (3.1) are not used, the expression
for M is cumbersome. At the same time, from (3.38) it follows that M depends only on R and Pr and that M — 0
as R — 0. Hence, for fixed values of the parameters p;, relation (3.40) represent additional constraints on the
Rayleigh number R, which, together with (3.2), ensures the uniqueness and stability of the solution of problem
(2.2). We note that the constant M in (3.38) coincides with the constant in the similar uniqueness condition for
the one-parameter identification problem for the thermal convection model considered in [8]. Hence, the constant
M plays a key role in studies of the uniqueness of solutions of identification problems for steady-state heat and
mass transfer models. We also note that, for fixed values of R and Pr, inequalities (3.40) imply that to ensure the
uniqueness and stability of the solution of problem (2.2), the values of the parameters pq, w2, and us should be
positive and exceed the constants on the right sides of inequalities (3.40).
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